As Noether's theorem states any differentiable symmetry of the action of a physical system has a corresponding conservation law. Lipkin introduced the conservation laws of zilches. But the corresponding symmetries are yet to be determined. Here we find a method to determine those symmetries and by direct calculations express the zilch tensor's relation to current-density for n-dimensional Minkowski space-time. Also, we extend this method to calculate symmetries of conservation of energy-momentum. Finally we show that in the special case of n=4, our general equation governing optical chirality reduces to the continuity equation of optical chirality density and optical chirality flow.
INTRODUCTION
As Lipkin proved, there are ten conserved quantities for four dimensional electromagnetic field in vacuum which are shown to be independent of energymomentum [1] . He clarified that the new conserved quantities possess different flow properties compared to energy-momentum [1] . Originally, Lipkin called those conserved quantities zilch, the most renown of which is 00-zilch, z 00 , the optical chirality. However he did not find the responsible symmetries for the conservation of the zilches. Recently there has been a growing interest in gaining further insight into these symmetries. For instance, an approach to discuss these symmetries and their connection with helicity's symmetry is presented in [2] . In [3] Philbin finds the symmetries that are restricted on optical chirality. Also, Bliokh and Nori clarified the connection between helicity, optical chirality and energy which explains why we will find a symmetry of zilches similar to that of helicity [4, 2, 5, 6 ]. Here we find the symmetries of all zilches' conservations, and by applying them into the action of the standard electromagnetic fields, 1 16π F αβ F αβ , derive the conservation laws of zilches and their connection with current-density. In doing so and in order to simplify our calculations we use linear form notation. * hadilashkari@gmail.com † halizade@bu.edu Corresponiding author: hadilashkari@gmail.com
This dramatically reduces our dependence on indices. Then we generalize these symmetries and relations to n-dimensional Minkowski space-time. In the first step, we derive energy-momentum conservation by linear forms and then we apply the same method to the symmetries of zilches to prove their conservation laws. Also we demonstrate the advantage of our approach in finding energy-momentum conservation. Unlike other approaches, where one has to enter the gauge invariance of the energy-momentum tensor manually in to the theory [7, 8] , our approach automatically derives this gauge invariance.
LAGRANGIAN n-form
As a reminder of linear form machinery, here we derive Maxwell's equations from standard electromagnetic Lagrangian by linear forms. Consider an ndimensional Minkowski space-time with x µ coordinates. In general we can write an m-form by
where ∧ is the exterior product or wedge product, which makes a completely antisymmetric tensor [9] . One must be careful about the upper and lower index of indices. The lower index of indices denotes the number of that index, for example µ m is the mth index, while the upper index of indices indicates the counting indices of a set, for instance, µ m = µ 1 µ 2 . . . µ m . If we carefully look at (1) we will notice that if a µ m is a complete antisymmetric tensor then every term in (1) is repeated m! times, where ! is the factorial. To avoid this repetition we use an arrow, a µ m − → , to assume
Also the exterior differentiation is defined as:
So by n-potential A = A β dx β we define the electromagnetic 2-form as follows:
which means
To write Lagrangian and evaluate its variation, we need Hodge operator, * , [9] . We can define dual of an m-form, a m , which is a (n − m)-form, * a m , by * a m :=a * µ
where g is the determinant of the metric in nMinkowski space-time, g = det(g αβ ) = −1, g αβ is inverse of the metric tensor and ǫ β n is the LeviCivita symbol, which is completely antisymmetric and ǫ 123...n = 1. For the important case of 0-form constant function, f = 1, we can define vol n := |g|dx 12...n = * 1. We will then have
also one can easily show * ( * a
Now that the necessary definitions are made we can proceed to write the action:
which S F is the field action, S M is the matter action, L is the Lagrangian n-form and the integrals are defined over the space-time M . Using the variation A → A + δA and (2), the variation of S F becomes
where we have used (6) . The second term in (8) is the integral over the boundary of space-time
which is zero and based on Noether's theorem δA ∧ * F is the flow density tensor of a conserved quantity [10, 11] . So the first term determines the equations of motion which are
(3) and (9) are the Maxwell's equations. Conservation of electric charge can be found by:
, is a conserved quantity. It is worth mentioning that we did not use any indices to calculate equations of motions and conservation equations. We will express symmetries of this action and their conserved quantities in this powerful notation. One can expand equations of motion, (9) , to find
detailed derivation can be found in the Appendix.
ENERGY-MOMENTUM
Energy-momentum tensor of an electromagnetic field can be written as:
In this section we will derive this energy-momentum tensor. These calculations are to demonstrate the advantage of our approach as it does not necessitate the appearance of indices, one does not have to manually insert divergence-free terms and finally the gauge invariance of energy-momentum is automatically fulfilled. we start from the infinitesimal variation of h α over space-time, which is the transformation
In this step we can have two approaches to make the variation of the Lagrangian n-form a closed form. Each of these approaches are coming from two different identities. In the end we will use the results of both approaches to comprehend the conservation laws. The first identity is as follows
details of derivation can be found in Appendix. The next one is
using these identities, the variation of (12) for the first approach becomes
and for the second approach becomes
Considering an infinitesimal variation of the action, using δS M = 0 and (12), for the first approach we
and for the next approach
where we used (3), (5), (6) and (9). Here we can argue if there is no n-current-density, J α = 0, then both of these integrands become closed forms, hence based on Noether's theorem we can subtract these two closed forms to find dT α = 0 [10, 11] . Then, we have n conserved quantities, p α = U T α , that pass through region U n−1 . These n conserved quantities are the nvector of energy-momentum of the field. In the general case when n-current-density, J, is non-zero we have
where T α denotes the energy-momentum tensor, the components of which can be shown to to be the same as (11) , see the Appendix. The simplicity of the proof and the fact that we did not have to go through Belinfante symmetrization procedure for the energy-momentum tensor add to the power of our method. Some other approaches can be found here [8, 7, 10] . Further, the obtained tensor is naturally gauge invariant. We mention in passing that the conservation of angular momentum can be addressed by replacing transformation operator, h α ∂ α , in (12) by rotation operator,
, so the variation of electromagnetic field for infinitesimal rotation is
Going through the same procedure the angular momentum tensor of the electromagnetic field can be found to be
which demonstrates the conservation of angular momentum in absence of n-vector of current-density, dM αβ = 0.
Zilch
The generalization of zilch tensor as Lipkin defined [1] to n-dimensional Minkowski space-time can be achieved by using the following variation
where N n−4 is a constant (n − 4)-form, and l αβ are infinitesimal parameters of the variation. It is important to note that, because of N , which is a (n − 4)-form, (20) is defined only for n ≥ 4. This variation is the main result of this paper. For n = 4, this variation reduce to
Focusing on optical chirality, for a monochromatic field this variation becomes
where E is the electric and B the magnetic vector in cgs units, ω is the angular frequency, θ is an infinitesimal parameter of electric-magnetic rotation and (21) is the infinitesimal form of the dual symmetry or duplex transformation [7, 12, 2] . The dual symmetry is associated with optical helicity so the connection between special case of zilches, optical chirality, with helicity becomes more clear [4] . To find conserved quantities, again we have two approaches to make the variation of Lagrangian n-form a closed form, then we can subtract those two closed forms to find the conservation laws.
To get to that point we need two identities. Based on Appendix, the first identity is (36)
and the second one is
Where we have
This term is of great significance. This is because it neither makes a closed form when substituted into the action, nor is it related to the n-current-density. Using (22) and (23) identities the variation of (20) for first approach becomes
and for the second approach
So for the first approach the variation of the action becomes
and for the second approach it becomes
Using (3), (5), (6), (9) and Noether's theorem, zilch tensor, Z γ α , is found the same way as for energymomentum tensor.
This is the second most important result of this paper, which defines zilch tensor in n-Minkowski space-time and its relation to n-current-density. If all terms of (30) go to zero, then there is a conserved quantity, z
, that passes through region U n−1 which Lipkin named zilch. To see why this term is Lipkin's zilch tensor we need to expand it. For the first term of Z γ α in (29) this procedure is less cumbersome if we multiply dx φ to them
Also, the second term of Z γ α in (29) can be extracted as follows
In case of n = 4 zilch tensor becomes
where N is now a number. If N = 1 this expression is equal to the first four terms of original definition of Lipkin's zilch tensor, equation (4) 
It is noted that for n = 4, U αβ = 0 and (33) can be disregarded for n = 4 theories. However for n > 4 and J = 0, (33) predicts generation and anihilation of zilches inside of a region, which lacks in n = 4 theories.
As the final remark we derive the governing equation for optical chirality in n = 4 from the general formulas (29)-(30). One can easily show that in the case of n = 4 (29)-(30) reduces to
where in the case of J = 0 we get the continuity equation of optical chirality
where B.∇×H+D.∇×E is the optical chirality density and E × ∇ × H − H × ∇ × E is the optical chirality flow.
CONCLUSION
In this paper we studied the symmetries of standard electromagnetic action. First, we obtained two identities to calculate energy-momentum tensor directly from transformation symmetry without manually inserting any divergence-free terms. Then we found a new symmetry and by applying the same method as for the energy-momentum tensor, we generalized Lipkin's zilch which was originally defined in n = 4 to n-dimensional Minkowski space-time. In our calculations we used linear forms to avoid complexity of indices. In all the important results of this paper the n-current-density was kept non-zero.
APPENDIX: IDENTITIES
Here we derive and expand in detail the identities referred in the main text.
Based on (9), it must be equal to 4π(−1)
In energy-momentum section, we needed two identities. For the first identity, we try to expand * N ∧ d * ( * F ∧ g βλ dx λ ) . To do so we assume a free constant (n − 4)-form, N n−4 and use the following identity
which is because a term with n+1 completely antisymmetric indices, in n-dimensional space-time, is always zero. Now we can write
where we used ∂ [λ F To prove that componants of (19) are the same as those of (11) 
which is the same as (11) . In the third section, zilch, the second identity can be achieved by implementing a similar identity to (35), ǫ [µ n ∂ µn+1] = 0. Applying it to
